A full discrete stabilized finite element scheme for the transient Navier-Stokes equations is proposed, based on the pressure projection and the extrapolated trapezoidal rule. The transient Navier-Stokes equations are fully discretized by the lowest equal-order finite elements in space and the reduced Crank-Nicolson scheme in time. This scheme is stable for the equal-order combination of discrete continuous velocity and pressure spaces because of adding a pressure projection term. Stability and convergence of this scheme are discussed and related error estimates are derived. Finally, the method requires only the solution to a linear system at every time step. 
Introduction
The accurate and reliable solution of fluid flow problems is important equations, given by: find u :
with the usual normalization condition that Ω p(x, t)dx = 0 for 0 < t ≤ T when (1) is discretized by accepted, accurate and stable methods, such as the finite element method in space and Crank-Nicolson in time the approximation can still fail for many reasons. One common mode of failure is non-convergence of the iterative nonlinear and linear solvers used to compute the velocity and pressure at the new time levels. We consider herein a simple, second order accurate, and unconditionally stable method which addresses these failure modes. The method requires the solution of one linear system per time step. This linear system is a discretized Oseen type problem. Suppressing the spatial discretization, the method can be written as (with time step k = t)
Here u n+1/2 = 3un−u n−1 2 is a linear extrapolation of the velocity to t n+1/2 from previous time levels. Thus, [1] [2] is an extension of Baker's [1] extrapolated Crank-Nicolson method.
Recently, a new stabilized finite element method based on two local Gauss integrals was developed for the stationary Stokes equations [3, 4] . This new method stabilizes the lowest equal-order (i.e., P1-P1) elements by the residual of these local integrals on each triangular element. It is free of stabilization parameters, does not require any calculation of high-order derivatives or edgebased data structures, and can be implemented at the element level. Optimal error estimates were obtained using the technique of the standard finite element method [3] .
To make fully use of equal-order finite elements that do not satisfy the inf-sup condition, a popular strategy is to use the stabilized techniques to circumvent or ameliorate the compatibility condition. The stabilized techniques are often developed from residuals of the momentum equation, e.g., the least squares Petrov-Galerkin finite element method [5] and the DouglasWang method [6] . Residual terms usually need to compute the higher order derivatives or replace the Laplace operator by a discrete operator. Other stabilized mixed methods involving non-residual stabilization are also developed, e.g., the artificiel viscosity [7] , or, the pressure projection method, which does not require approximations of derivatives, specifications of mesh-dependent parameters, or nonstandard data structures. The pressure projection method has been applied to the Stokes problem by Bochev et al. [8] , Li and He [9] , and Dohrman and Bochev [10] . The method is extended to Navier-Stokes equations [3] [4] 11, 12] .
In this paper, we propose a full discrete stabilized equal-order finite element method based on two local Gauss integrals and the extrapolated trapezoidal rule for transient Navier-Stokes equations. The transient Navier-Stokes equations are fully discretized by the continuous equal-order finite elements in space and the reduced Crank-Nicolson scheme in time. Stability and convergence of this scheme are discussed and related error estimates are derived. This new stabilized scheme is stable and has a number of attractive properties. The system is stable for the equal-order combination of discrete continuous velocity and pressure spaces because of adding a pressure projection term. So the system is antidiffusive. Finally, the method requires only the solution to a linear system at every time step.
The rest of this paper is organized as follows. Section two collects some mathematical preliminaries for the analysis that follows. In the third section, a stabilized finite element method for the Navier-Stokes equations is developed, based on a local Gauss integration technique and uses the lowest equal order finite element pair P 1 − P 1 . Stability and convergence of this stabilized finite element method are obtained in the fourth and fifth sections.
Mathematical preliminaries

Notations
We will use · m and |·| m to denote the norm and semi-norm of the Sobolev
0 (Ω) be the standard Sobolev subspace of H 1 (Ω) of functions vanishing on ∂Ω. We introduce the following notations
where the scalar product and norm in Q are denoted by the usual L 2 (Ω) inner product (·, ·) and · 0 , respectively. The dual space of X is denoted by X * . The weak formulation of the problem (2) is to find (u, p) ∈ X × Q for all t ∈ (0, T ] such that, for all (v, q) ∈ (X, Q)
where the bilinear forms a(·, ·), d(·, ·) and the trilinear form b(·, ·, ·) are given by
The following lemma gives the boundedness of the trilinear form b(·, ·, ·).
The following estimates hold:
Here and after C, with or without index, are generic positive constants depending only on the data (ν, f, Ω).
The following results are readily obtained by Taylor series expansion. 
Let T h be a quasi-uniform triangulation of Ω with h = max h K , where h K is the diameter of the triangle K ∈ T h . Based on this triangulation, let X h be the standard conforming finite element subspace of piecewise linear velocity,
let Q h be the piecewise linear pressure subspace
and let V h the space of discrete divergence free functions
It is well known that the standard P 1 − P 1 element does not satisfy the infsup condition and cannot be applied to problem (2) directly. But a locally stabilized method based on a local Gauss integration technique can be used to enforce this condition [3] . Specifically, we define
dx indicates an appropriate Gauss integral over K that is exact for polynomials of degree i, i = 1, 2 and g(x) = p h q h is a polynomial of degree not greater than two. In particular, the trial function p h ∈ Q h must be projected to W h when i = 1 for any
We have the following properties( [12] [13] [14] [15] [16] ):
Then, using this local stabilized form, the velocity-pressure finite element spaces (X h , Q h ) satisfy the discrete inf-sup condition [3] inf
where β h is bounded away from zero uniformly in h.
We assume that (X h , Q h ) satisfy the following approximation properties typical of piecewise polynomials of degree (m, m − 1), [17] :
inf
Finally we define the extrapolation to t n+1/2 :
Finite element approximation
In this paper we consider a finite element Galerkin approximation, which proceeds as follows:
Algorithm 1
Let
Remark 1. At the first time level, a nonlinear treatment of the trilinear term can be used instead of extrapolation: find
We shall show that this modification affects neither the stability of the method nor the convergence rate of the velocity error approximation, but increases the convergence rate of pressure approximation.
Stability
In this section, we study the stability of the finite element algorithm 1.
The stabilized, extrapolated trapezoid scheme (17) - (18) is stable in the sense that for any h, k > 0 we have (17) gives
(20) Using the Cauchy-Schwarz and Young inequalities, we get
Thus, using (10) and (10), on the first time level we obtain the stability bound
Applying Cauchy-Schwarz and Young inequalities leads to
Summing (24) over the time levels, and using (10), (11) and (22), we get
This proves the proposition.
Error estimates
To evaluate the rates of convergence as h → 0, we must make a specific choice of X h , Q h .
Theorem 4. (Velocity error estimate)
Let the finite-element spaces (X h , Q h ) include continuous piecewise polynomials of degree m and m − 1 respectively (m ≥ 2), and satisfy the discrete inf-sup condition (12) and approximation properties (13) - (15) .
Proof. Consider the variational formulation corresponding to the Navier-Stokes equations (1) in X h , for any time t,
Subtracting (18) from (26) and takeing t = t n+ 1 2 , we get
We define the velocity error
n , and the pressure error
. Add and subtract
to (27) to obtain the error equation
where,
Using the error decomposition and setting
) + ν(∇η n+ 1 2 , ∇ϕ h n+ 1 2 ) + kG(( 
Applying the Cauchy-Schwarz and Young's inequalities to the linear terms on the right hand side of (30) gives
We analyze each of the remaining nonlinear terms on the RHS of (31) individually. We start with the first nonlinear term in (31). Adding and subtracting the quantity
, ϕ h n+ 1 2 ), and using Lemma 2 and Young's inequality, we get
The first two terms involving the operator E[·, ·] can be bounded by using (16) and the regularity assumptions on u, ∇E[u(t n ), u(t n−1 )] ≤ C and
For the third and fourth terms, we also need the inverse estimate
so that
Putting (33) and (34) back into (32), we obtain
For the second trilinear term, we use Lemma 2 and the assumption that ∇u(t) is bounded for any t ∈ [0, T ]. Then we apply Young's inequality and (33), resulting in
The third trilinear term is bounded with the help of the third inequality Lemma 2 and the regularity assumptions on u. As a result,
where the last step follows from Young's inequality. Now, using (35), (36) and (37), the error equation (31) can be written as
so that the error equation (38) gives
We bound the second term on the right-hand side as follows, and so the first term will follow analogously. Since
we take gradient, norm, and square both sides to get
Next, using the generalized triangle inequality and Cauchy-Schwarz inequality, we obtain
Now applying standard interpolation estimates
Similarly, we get
Multiply both sides of (45) 
Since u ∈ L ∞ (0, T ; H m+1 (Ω)), the last two sums in (51) can be combined as
Using the regularity of u and p the propriety of the projectionπ h , and the assumption that C||u|| L ∞ (0,T ;H m+1 (Ω)) h m−3/2 k ≤ 1/2, the error equation finally takes the form
To complete the proof bounds are needed for ϕ h 1 in the above estimates. These bounds depend upon the way the first time step is taken, and there are two possibilities (17); we shall analyze both. Both lead to an optimal velocity error estimate. The error equation for ϕ h 1 is the same as for ϕ h n except for the nonlinear terms, and is treated in the same way, except for the nonlinear term. Therefore, we go directly to the treatment of the nonlinear term in both cases (17) . We start with formulation (17) . Adding and subtracting
, v h ) to the nonlinear terms in (27), we have
Taking v h = ϕ h 1/2 , the second and third terms in (53) can be treated exactly as in (36) and (37). The first and last are bounded as follows. Using Lemma 2 and the fact that there exists t θ ∈ (0, k) such that u(t 1/2 ) − u(t 0 ) = ku t (t θ ), we obtain |b(u(t 0 ),
In order to bound the first term in (54), we use integration by parts and Hölder's inequality to obtain
Now use the bounds (49) and (51) in the error analysis at the first time level (note that ϕ
If formulation (19) is used, then, instead of (53), we obtain, by adding and subtracting
to the nonlinear terms in first time level analog of (27), the following
Taking v h = ϕ h 1/2 , the second and third terms in (53) can be treated exactly as in (32), (36) and (37). The first and last are similar, since, after application of Lemma 1 and regularity assumptions on u, both can be bounded as 
Hence, it follows from the discrete Gronwall Lemma, that there exists C = C(ν, Ω, T, u, p) such that for any n ≥ 0
Finally, the statement of the theorem follows from the triangle inequality.
The rest of this section will be devoted to proving the stability and the convergence of pressure. 
On the first time level, using (12) and (57) in (17), we obtain the bound
Summing the inequality (63) for every n ≥ 1, multiplying by k, then adding to (64), we obtain (62) .
